Multicarrier code division multiple access (MC-CDMA) is a promising technique that combines orthogonal frequency division multiplexing (OFDM) with CDMA. In this paper, based on an alternative expression for the Q-function, characteristic function and Gaussian approximation, we present a new practical technique for determining the bit error rate (BER) of multiuser MC-CDMA systems in frequency-selective Nakagami-m fading channels. The results are applicable to systems employing coherent demodulation with maximal ratio combining (MRC) or equal gain combining (EGC). The analysis assumes that different subcarriers experience independent fading channels, which are not necessarily identically distributed. The final average BER is expressed in the form of a single finite range integral and an integrand composed of tabulated functions which can be easily computed numerically. The accuracy of the proposed approach is demonstrated with computer simulations.
INTRODUCTION
Multicarrier code division multiple access (MC-CDMA), which efficiently combines CDMA with orthogonal frequency division multiplexing (OFDM), has gained considerable attention as a promising multiple access technique for future mobile communications [1, 2, 3, 4, 5, 6, 7, 8] . MC-CDMA is a spread spectrum technique where the signal is spread in the frequency domain. Since the MC-CDMA technique possesses the advantages of both OFDM and CDMA, it has the properties desirable for future systems such as insensitivity to frequency-selective fading channels, frequency diversity, and the capability of supporting multirate service by applying either multicode or variable spreading factor techniques [1] .
Many papers have been dedicated to the bit error rate (BER) analysis of MC-CDMA [3, 4, 5, 6, 7] . The performance of MC-CDMA has been studied both for the uplink and the downlink of a mobile communication system [3] in which perfect time synchronization among users was assumed. To get the BER, three approximation methods for the distribution of the sum of independently identically distributed (i.i.d.) Rayleigh random variables (r.v.'s) were employed in the paper: the law of large numbers (LLN) approximation, the small parameter approximation and the central limit theorem (CLT) approximation. The authors of [5] analyzed the BER performance of MC-CDMA systems with a frequency offset. The CLT approximation was used in the analysis. A performance analysis using the LLN approximation of an MC-CDMA system employing an antenna array at the base station has been presented in [6] . The bit error probability in multipath channels was analyzed in [7] based on the CLT approximation.
It is well known that approximation methods are not always accurate in practice, thus we have to choose the approximation method according to the system parameters and/or operating environment. For a maximal ratio combining (MRC) receiver operating in a Rayleigh fading channel, the distribution of the sum of exponentially distributed r.v.'s is known to have a gamma distribution from which the exact expression for the average probability of error can be obtained. However, for an equal gain combining (EGC) receiver, finding the distribution of the sum of the independent Rayleigh r.v.'s is more problematic. In [9] , Beaulieu offered an infinite series representation of this sum. With the help of characteristic functions of the decision variables, the authors of [10] studied the performance of MC-CDMA with an EGC receiver and Rayleigh fading channels. Nakagami fading channels have received considerable attention in the study of various aspects of wireless systems [11, 12] . The Nakagami distribution provides a more general and versatile way to model wireless channels [13] . The authors investigated the BER performance of MC-CDMA with an EGC receiver and Nakagami-m fading channels [8] with the same fading parameter m on different subcarriers. Although usually the correlation of fading channels amongst subcarriers cannot be ignored, it can be reduced with a properly designed frequency interleaver. Furthermore, the BER performance of MC-CDMA with independent fading channels can provide a helpful benchmark for system design. Motivated by this, the objective of this paper is to present an alternative Gaussian approximation (AGA) approach for deriving the expression for the BER of MC-CDMA with both MRC and EGC in Nakagami-m fading channels where independent fading channels between different subcarriers are assumed. By using an alternative expression for the Gaussian Q(·) function and the characteristic function of Nakagami-m variables, the average BER of an MC-CDMA system can be found. The rest of this paper is organized as follows. Section 2 gives a description of the MC-CDMA system model. The performance analysis for both MRC and EGC is carried out in Section 3. Section 4 provides a comparison between computer simulation results and analytical results. Finally, Section 5 draws the conclusions.
SYSTEM MODEL
In this section, the model of an MC-CDMA system is described. We assume that there are K simultaneous users, each having N subcarriers. The block diagrams of the considered MC-CDMA transmitter and receiver with one tap frequency domain equalizers in the uplink are depicted in Figure 1 .
Transmitter
Transmitted signal S k (t) corresponding to the block of M data bits of the kth user is 
Channel model
Independent, frequency-selective Nakagami-m fading channels for each user are considered. With the proper selection of the number of subcarriers for a user, it is reasonable to assume that each subcarrier undergoes independent frequency-nonselective Nakagami fading. Therefore, the equivalent time-variant complex fading channel for the kth user, nth subcarrier can be represented as
where τ k is the propagation delay for the kth user and δ(·) is the Dirac delta function. The amplitudes {β k,n (t)} are independent Nakagami-m r.v.'s and the phase offsets {θ k,n (t)} are identical r.v.'s uniformly distributed over [0, 2π). The fading amplitude β k,n is characterized by a Nakagami-m distribution [13] 
with the parameters
denotes the expectation operator and Γ(·) is the Gamma function. The Nakagami assumption on the amplitude implies that
the energy per bit) follows the well-known gamma distribution
whereγ k,n = (E b /N 0 )Ω k,n is the average signal-to-noise ratio (SNR) per symbol. For the downlink, H k,n is the same for different k at a certain reception point {k = 0, 1, . . . , K − 1}.
Receiver
The received signal r(t) can be written as
where n(t) is the additive white Gaussian noise (AWGN) with a double-sided power spectral density of N 0 /2. The insertion of an equalizer in the frequency domain or time domain is necessary to upgrade the performance of the system by multiplying each subcarrier by the factor G k,n (m) in the mth bit interval [14] . Without the loss of generality, we consider the signal from the first user as the desired signal. With coherent demodulation, the decision variable v 0 of the mth data bit of the first user is given by
where it has been assumed that one data bit occupies all subcarriers 1 and the receiver is synchronized with the desired user (k = 0). The channel fading and phase shift variables are assumed to be constant over the time interval In this paper, we have paid attention to the two commonly and effectively used combining methods: MRC (G 0,n (m) = β 0,n (m)) and EGC (G 0,n (m) = 1) [14, 15] . For brevity, the time index m is omitted in the following.
PERFORMANCE ANALYSIS
An alternative representation of the Q-function was presented in [16] and leads to a convenient method for performance analysis. By applying the Q-function
and the characteristic function of Nakagami-m fading r.v.'s, the bit error probability of an MC-CDMA system can be evaluated. In order to be more general, the uplink direction is considered. For simplicity, it is assumed that different subcarriers experience an i.i.d. fading channel, although identical fading channels are not necessary for the analysis. Assuming that the users are time synchronous, after demodulation and combining subcarrier signals, the decision variable in (6) can be written as
where S represents the desired signal term, I is the multiple access interference (MAI) from other users, and η is the AWGN term.
Performance of MRC
With G 0,n = β 0,n and from (6), (8), we get the desired signal of (8) as
1 Higher data rates can be obtained by using a small spreading factor (SF), that is, subcarriers are used by different data bits. For SF = 1, the system becomes OFDM.
η is a Gaussian random variable with zero mean and variance
The MAI term I can be expressed as follows:
whereθ k,n = θ 0,n − θ k,n . θ 0,n and θ k,n are i.i.d. r.v.'s, uniformly distributed over [0, 2π). According to [17] , the probability density function ofθ k,n can be easily obtained and
×N terms in the summation of (10) are uncorrelated with zero means. Assuming that there is no near-far problem, MAI can be approximated by a conditional Gaussian random variable with zero mean and variance
where
We see that v 0 is a conditional Gaussian variable conditioned on {β 0,n }. Since η and I are mutually independent, the probability of error using BPSK modulation conditioned on {β 0,n } is simply given by [18] Pr error
To compute the average BER, we must statistically average (12) over the joint probability density function p β (β 0,0 , . . . , β 0,N−1 ) of the fading amplitudes. Using the alternative Q-function (7) and the assumption of independent fading channels at different subcarriers, the average BER can be expressed as
where SINR 0,n is the average signal to interference plus noise ratio (SINR) for the nth subcarrier of the first user and the following equation has been used:
By using (4) and [19] , I 0,n can be expressed as
The average SINR 0,n for the nth subcarrier of the first user can be obtained as
If all N subcarriers are identically distributed with the same average SINR per bit, then (13) simplifies further to
Since a multiuser system is considered in this paper, the average BER of the system is given by
Using (13)- (18), we can obtain the average BER of the MC-CDMA system with MRC by using the simple form of a single integral with finite limits and an integrand composed of an elementary function.
Performance of EGC
The EGC equalizer is of importance because the enhancement of MAI due to MRC can be alleviated by EGC. The decision of the mth data bit of the first user is used during the analysis. Similar to MRC, the conditional BER of the system with EGC can be obtained as
where the expressions for S, η, and I are different from those of the MRC receiver and can be derived from (6) and (8) .
The desired signal with perfect channel estimation can be expressed as
η is a Gaussian random variable with zero mean and variance σ 2 η = NN 0 /4T b . The MAI term I can be written in the form of
whereθ k,n has the same meaning as in (10) . The term I can be approximated by a Gaussian random variable with zero mean and variance
Using the alternative representation of the Q-function (7), the average BER can be expressed as
We extended the technique of [20] to an MC-CDMA system with multiple users. By changing variables, (23) becomes
and λ denotes the sum of the fading amplitudes after combining.
Next, according to the definition of the characteristic function, the term p λ (λ) could be obtained by employing the characteristic function of the Nakagami-m fading channel
Since the fading experienced by different subcarriers is assumed to be mutually independent, the characteristic function of λ simply equals the product of the characteristic function of individual components, leading to
Thus (26) can be of the form
By combining (28) and (24), we get
The integral of J(v, φ) can be obtained as [16] 
where 1 F 1 (·; ·; ·) is the Kummer confluent hypergeometric function [21] and
Generally speaking, the characteristic function of a random variable will be a complex quantity and hence the product of the characteristic function in (27) will be also complex. However, since the average BER is real, it is sufficient to consider only the real part of the right side of (29), which yields
where (·) denotes the real part. Next we elaborate the expression of the characteristic function corresponding to the Nakagami-m fading channel. By definition, the characteristic function of β 0,n is given by ψ β0,n ( jv) = E[exp( jβ 0,n v)]. It can be expressed as [20] 
in which
Substituting (33) and (30) into (32) gives
where (Ω 0,n /4m 0,n ) and changing the variables as x = η(φ)v, the inner infinite integral can be derived as
which can be readily evaluated by the Gaussian-Hermite quadrature formula [21, 22] ,
where N p is the order of the Hermite polynomial H Np (·) and x i is the ith zero of the N p -order Hermite polynomial. H xi are the weight factors of the N p -order Hermite polynomial and are given by
The remainder of (38) is
The order number of N p can be properly selected by taking both complexity and accuracy into consideration. Because of the symmetry of the Hermite polynomials about the origin, the nonzero roots occur in pairs ±x i , and the corresponding weight coefficients obey the symmetry relation H xi = H xN p −i . Both the zeros and the weight factors of the N p -order Hermite polynomial are tabulated in [21, 22] for various polynomial orders N p . Thus yielding the final result in the form of a single finite integral on φ, namely,
The average BER of a system with multiple users is obtained by averaging (41) over individual users P e . 
NUMERICAL AND SIMULATION RESULTS
In this section, both computer simulations and a theoretical analysis are carried out to investigate the BER performance of an MC-CDMA system with multiple active users in a Nakagami-m fading channel. The fading channels used in computer simulations are Rayleigh (corresponding to m = 1) fading channels and Nakagami-m fading channels (m = 2 is selected). Both the uplink and downlink are considered here. The simulated system utilizes Walsh-Hadamard (WH) codes as signature sequences. The number of subcarriers is equal to the length of the signature sequence. To calculate the BER, it is assumed that the mean power of each interfering user is equal to the mean power of the desired signal. It is also assumed that the uplink users are synchronous within a cyclic prefix. A flat fading channel on each subcarrier is used and i.i.d. fading among different subcarriers is assumed in this section. Figure 2 shows the comparison of the results from computer simulations and the AGA analysis presented in Section 3 for the uplink MRC receiver in a Rayleigh fading channel with different numbers of active users. The number of subcarriers and maximum number of users used in the simulation system is 8. As we can see from Figure 2 , the results achieved by the AGA analysis agree well with those of the computer simulations. Similar results can be obtained from Figure 3 , which demonstrates the performance comparison of the same approach for the EGC receiver of the uplink in a Rayleigh fading channel. From Figures 2 and 3 , it is not difficult to see that the AGA analysis gives nearly the same results as the computer simulations. There exists a marginal difference in the multiple user cases when MAI becomes the dominant factor affecting system performance. This is due to the inadequate assumption of a Gaussian MAI model when the number of active users is small (K < 10). In [8] , we have compared the analytical results for EGC receivers using the proposed AGA technique and the method proposed in [8] . It was shown that the two analytical methods give quite the same analysis results from which the accuracy of the presented analysis method was further demonstrated. However, the method presented in [8] requires that the fading channels on all subcarriers have the same fading parameters.
The approach presented in this paper can also be employed to obtain the BER for the receivers in the downlink of an MC-CDMA system. Of course the formulas presented in Section 3 must be changed to correspond to the synchronous downlink case. The performance comparison between the analytical and simulation results of both an MRC receiver and EGC receiver in the downlink are shown in Figures 4  and 5 , respectively. The number of subcarriers is fixed to 8 and the number of active users is varied. It is clearly seen from these two figures that the approach is also accurate in the downlink. MRC is not practical for the downlink as the loss of orthogonality of the WH codes is emphasized in the receiver when applying it. In the downlink, EGC outperforms MRC in most cases, especially at high SNR. This means that the loss of orthogonality for EGC, which is caused by channel fading, is less than that of MRC.
In order to further verify the accuracy of the proposed AGA method, the comparison between analysis and simulation results for Nakagami-m fading channels with m = 2 is shown in Figure 6 (MRC receivers) and Figure 7 (EGC receiver). The considered system is uplink MC-CDMA with 8 subcarriers and different numbers of active users. From these two figures it should be noted that the AGA method gives more accurate results with m = 2 than in Rayleigh fading channels. comparing the MRC receiver and the EGC receiver, it should be noted that the performance curves of the EGC receiver change more than that of the MRC receiver and this suggests that the EGC receiver is more sensitive to the variation of fading parameter m than the MRC receiver.
Using the expression for the BER obtained for the uplink transmission in a Nakagami-m fading channel, the average BER versus the number of active users both for EGC and MRC receivers with 256 subcarriers in a Rayleigh fading channel (m = 1) is shown in Figure 10 . The E b /N 0 is fixed at 0 and 7 dB. The significant impacts of MAI can be observed. It can also be noted that at E b /N 0 = 7 dB, the fully loaded system works well if efficient channel coding is employed.
CONCLUSIONS
The BER analysis for MC-CDMA receivers with multiple active users in frequency-selective Nakagami-m fading channels was presented in this paper. The analysis was applied to evaluate the performance of both EGC and MRC receivers in the uplink and downlink. The AGA approach utilizes an alternative expression for the Q-function, combining this with the characteristic function of Nakagami-m r.v.'s, thereby eliminating the need for deriving the distribution of the sum of Nakagami-m signals for the EGC receiver and, hence, avoiding all approximations required therein. The approach used in this paper has the advantage of simplicity in expression and computational efficiency. Both theoretical analysis and computer simulations were used to evaluate the BER performance of the receivers in Rayleigh fading channels. It was of importance to observe that the computer simulations demonstrated the accuracy of the analysis method based on AGA. Therefore, the method presented here provides us with a powerful practical tool to evaluate the BER performance of MC-CDMA systems, especially when the number of subcarriers and users is too large to obtain simulation results. In addition, it was also seen that the influence of MAI on the system performance is significant and that the BER saturates at high SNR for both EGC and MRC receivers in the uplink and downlink when the system is heavily loaded.
